An algorithm implemented in an open-source python library was developed for building periodic coincidence site lattice (CSL) grain boundary models in a universal fashion. The software framework aims to generate tilt and twist grain boundaries from cubic and tetragonal crystals for ab-initio and classical atomistic simulation. This framework has two useful features: i) it can calculate all the CSL matrices for generating CSL from a given Sigma (Σ) value and rotation axis, allowing the users to build the specific CSL and grain boundary models; ii) it provides a convenient command line tool to enable high-throughput generation of tilt and twist grain boundaries by assigning an input crystal structure, Σ value, rotation axis, and grain boundary plane. The developed algorithm in the open-source python library is expected to facilitate studies of grain boundary in materials science. The software framework is available on the website: aimsgb.org.
I. INTRODUCTION
Interfaces are ubiquitous in solid crystalline materials, and can exhibit material properties that are drastically different from their corresponding bulk materials, bringing potential applications in various industrial areas. One example is the discovery of two-dimensional electron gas at perovskite oxide interfaces such as LaAlO 3 /SrTiO 3 heterointerface, [1] [2] [3] [4] in which two band insulators combines together and forms highly conducting interfacial conducting states. Compared to the heterointerface between two phases with different crystal structures (or heterophase interface), grain boundaries are one relatively simple but ubiquitous and technologically important interfaces that consists of the same phase crystal with different orientations, and thus can be considered as a homophase interface.
5,6
As one common planar defect, grain boundaries can control microstructural evolution and significantly change the mechanical, electronic, and other properties of polycrystalline materials. [7] [8] [9] [10] [11] Investigating the influence of grain boundaries on the materials properties has been an important research subject in materials science.
12-14
For instance, grain boundaries in solid electrolytes can often have ionic conductivities that are several orders of magnitude lower than that of bulk, thereby limiting the overall ionic conductivity and severely lowering the device performance. [12] [13] [14] [15] In addition, grain boundaries can undergo structural transformations, which can abruptly change their mobility (grain growth rate and microstructural development) and mechanical properties of polycrystalline materials, though direct experimental evidences for these phenomena are lacking due to extreme challenges of grain boundary structure characterization at high temperature from high-resolution transmission electron microscopy. 8, 16, 17 Therefore, to characterize a grain boundary structure, particularly from a computational modeling viewpoint, is of great importance to understand the influence of grain boundaries on the materials properties, and to design high-performance engineering materials.
To describe a grain boundary from crystallography, one needs five macroscopic degrees of freedom (DOFs). 18 The five DOFs define how the two grains with required orientation are combined to form a grain boundary from a given crystal structure. Three of them describe mutual misorientations between two adjoining grains, which are represented by a rotation axis o (two DOFs) and a rotation angle θ (one DOF). The remaining two DOFs describe the normal n to the grain boundary plane, which indicates the orientation of the grain boundary between the two disorientated grains. The geometrical alignment between o and n defines the grain boundary type: tilt (o⊥ n), twist (o n), and mixed grain boundaries.
18
Among all the types of grain boundaries, there exist one type of special grain boundaries called coincidencesite lattice (CSL) grain boundary. In the CSL grain boundary, some atomic sites of one grain coincide exactly with some atomic sites of the other grain, and these special atomic sites are called coincidence sites. The coincidence sites are spread periodically throughout the whole superimposition and create a supercell called CSL.
5,19
Compared to random (non-special) grain boundaries, the CSL grain boundaries are believed to have low grain boundary energy because of good atomic fit, 20-23 and they have been one important research topic in the grain boundary science and engineering. Given the enormous complexity of grain boundaries, an efficient algorithm to build any CSL grain boundary structures from a minimum user input is of great usage for the structural characterization of grain boundaries. In particular, as the emergence of high-throughput computational techniques and materials informatics, 24-26 such a tool is very necessary to facilitate high-throughput computational studies of the grain boundaries.
In spite of some softwares available to construct grain boundary, 27, 28 to the best of our knowledge, there is no universal and easy-to-use tool to generate grain boundary structures in a high-throughput fashion. For instance, Ogawa developed a web-based applet called as GBstudio to generate periodic grain boundary structures with Σ value up to 99. 27 The GBstudio requires users to build primitive crystal structure online first and then generate grain boundary structures for a given Σ value. This process of generating grain boundaries is extremely laborious and even impossible for a complex crystal structure such as organic-inorganic hybrid halide perovskite CH 3 NH 3 SnI 3 .
29 It also makes it extremely difficult to work with high-throughput calculations. Another graphical user interface (GUI) software to build grain boundary is CrystalMaker, 28 which requires users to build slab or surfaces first and then combine them as a grain boundary structure. As in the case of GBstudio, this GUI-based nature makes it incapable of high-throughput production of grain boundaries. Unlike the GUI-based softwares, some species of code based on the command line interface were also developed to generate grain boundaries, which are either limited to several crystal structures only or with limited functions. 30, 31 Also the users are often required to modify the source code or to add new functions to build desired grain boundaries.
In this article, we introduce one efficient algorithm to build periodic grain boundary models for ab-initio and classical atomistic simulation in materials science. The algorithm is implemented in an open-source python library that aims to generate tilt and twist grain boundaries from a cubic or tetragonal crystal in a universal fashion. The code is freely available for download at aimsgb.org.
II. BUILDING PROCEDURES
Here is a brief outline of the algorithm to build grain boundary.
(1) Calculate rotation angle for a given Σ value and rotation axis.
(2) Generate a rotation matrix from the rotation angle and rotation axis.
(3) Calculate CSL matrix using the rotation matrix and Σ value.
(4) Generate two grains from CSL matrix, and combine them based on a given grain boundary plane to build grain boundary.
A. Rotation Angle
Grain boundary represents one special interface that consists of two grains of the same phase, unlike the case of heterointerface between two phase structures.
2-4 The two grains differ in their mutual orientations and this misorientation can be described by a rotation that brings the two grains into coincidence. The rotation is characterized by a rotation axis o [uvw] and a rotation angle θ. In the CSL theory, the geometry of a grain boundary structure is described by an integer number (Σ), which is traditionally defined as a ratio between the volume enclosed by a CSL (coincidence unit cell volume) and unit cell volume of a cubic crystal with a rotation along [001] rotation axis. 32 Here, by including a rotation with any rotation axis, we redefine the Σ as a ratio between the coincidence unit cell volume and that of a rotated unit cell of crystal (rotated unit cell volume):
Coincidence unit cell volume Rotated unit cell volume
The rotated unit cell volume depends on the rotation axis o [uvw], and equals to (u 2 + v 2 + w 2 ) times of the volume of the conventional unit cell for a cubic lattice. In other words, the eq. 1 can be rewritten as: 
and
where α = 1, 2 or 4, 34 m and n are positive integers. Thus, for a given Σ, the range of m and n can be determined as 1 ≤ m ≤ 2 √ Σ and 0 ≤ n ≤ 2 √ Σ , respectively, with 2 √ Σ mapping the least integer numbers greater than or equal to 2 √ Σ. In addition, the integers u, v, w and the integers m, n should be coprime, i.e., with greatest common divisor (GCD) equal to 1,
Accordingly, by assigning o and Σ, one can determine the values of m and n from eq. 3 and 5. It is noted that for each Σ, there could be multiple sets of (m, n) values and each set corresponds to a different rotation angle θ. Here we take SrTiO 3 Σ5 [001] grain boundary (see Fig.  1 ) as an example to show the process of deducing rotation angle and corresponding (m, n) values. For Σ5 [001] grain boundary, eq. 3 gives 5α = m 2 + n 2 , with α = 1, 2, or 4. Note that herein m 2 + n 2 also represents the ratio between the area enclosed by a unit cell of CSL and the unit cell of the standard conventional crystal structure. By using eqs. 3 and 4, we are able to conclude that:
(1) At α = 1, (m, n) = (2, 1) and θ = 53.1
• , or (m, n) = (1, 2) and θ = 126.9
• . The area of generated CSL is five times as large as the standard conventional unit cell. Note that the two rotation angles, θ = 53.1
• and 126.9
• , correspond to the same grain boundary since their sum equals to 180
• . (2) At α = 2, (m, n) = (3, 1) and θ = 36.9
• , or (m, n) = (1, 3) and θ = 143.1
• . The area of each CSL is 10 times as large as the standard conventional unit cell. The two rotation angles here also correspond to the same grain boundary.
(3) At α = 4, (m, n) = (4, 2) or (2, 4), the CSL generated in this case is the same with that in α = 1, as shown from eq. 5.
As discussed later, in addition to the rotation axis o and rotation angle θ, another degree of freedom is the grain boundary plane. For example, Σ5 [001] grain boundary has three grain boundary planes, (130) 
B. Rotation Matrix
After getting θ from a given Σ and o, we are able to generate a rotation matrix (R) using the Rodrigues' rotation formula. 32 First, we define a unit vector k = [k x , k y , k z ], where k x 2 +k y 2 +k z 2 =1, which represents the rotation axis o [uvw], and a matrix K that denotes the cross-product matrix for the unit vector k . 
Accordingly, a matrix R that describes a rotation with an angle θ in counterclockwise around the axis k can be given as:
where I is a 3×3 identity matrix.
C. CSL Matrix
Next step is to calculate CSL matrix from the rotation matrix R. Here, we implement a so-called O-lattice theory introduced by Bollmann, 19 which is an effective tool to analyze the coincidence lattice points of two interpenetrating misoriented lattices of grains. The schematic illustration of applying O-lattice in deviating equivalence points in two lattices in a two-dimensional space is shown in Fig. 4 . Assume that we have lattice I with basis lattice vectors a (I) and b (I) , and lattice II with basis lattice vectors a (II) and b (II) . An arbitrary point within the elementary cell of lattice I can be described by a vector x (I) . x (I) can be transformed into a vector x (II) in lattice II by applying a transformation matrix A:
Therefore, the lattice point (x (II) ) within the lattice II is an equivalent point to the one (x (I) ) in crystal lattice I. Moreover, the coincidence point x (II) also belong to both lattice I, and thus it can also be obtained from lattice I by adding a translation vector t (L) to x (I) :
By combining eq. 8 and 9, one can get:
where I is the identity matrix, i.e., unit transformation. Let us name all the coincidence points as x (0) , then the eq. 10 can be rewritten as:
The solution to this equation requires that I − A −1 = 0. For convenience, we hereafter apply transformations in the conventional crystal coordinate system. The corresponding transformation matrices in the crystal coordinate system are labeled as A and T , and the following expressions are to be calculated:
where R is rotation matrix as calculated before; n is an integer number calculated from eq. 14; X (0) is a matrix whose three column vectors are unit vectors of the Olattice; S is the structure matrix which contains the unit vectors of the crystal coordinate system expressed in the orthonormal coordinates of the conventional crystal, and S = I for conventional cubic structure; U is a unimodular transformation matrix (det(U)=±1) that is used to keep det(T ) = 0. After obtaining X (0) , next we are able to determine CSL matrix C (in crystal coordinate system). Note that C should always consist of integer numbers and can be determined as two steps: i) operate on two columns of X (0) to let them become integers and meanwhile keep their determinant unchanged; ii) multiply the third column by n so that the determinant of matrix C equals to Σ. The calculated CSL matrix C can be further reshaped so that each of its column vectors has the shorted length. Moreover, the CSL matrix C will be orthogonalized, with the third column vector same as the rotation axis. Note that the generated CSL matrix will be applied on a cubic lattice and therefore the CSL matrix has one important property. That is, the three numbers in each column of the CSL matrix correspond to a group of miller indices that represent a surface plane as well as surface normal since basis lattice vectors of the input crystal are orthogonal, as shown in the appendix table of CSL matrix. Also note that the CSL matrix can also be applied on a tetragonal lattice if the rotation axis is normal to the tetragonal plane, such as tetragonal TiO 2 lattice with [001] rotation.
D. Create Grain Boundary
A grain boundary consists of two grains that are symmetrical with the grain boundary plane as the mirror plane. 5 The orientation of a grain boundary plane is given by a unit vector n, i.e., the normal to the grain boundary plane. 37 Using the generated CSL matrix, we can build a new crystal lattice that is one grain of the grain boundary (named as grain A). The other grain of the grain boundary (named as grain B) can be obtained by applying mirror symmetry operation on grain A. After getting two grains A and B, we can build a grain boundary by combining the two grains. As discussed above, the three numbers in each column vector of a CSL matrix indicate a surface plane (also a surface normal, i.e., a direction) , and the third column of the CSL matrix is set same with the rotation axis. As a result, the generated new crystal lattice from the CSL matrix has three surface planes (corresponding to three columns of a CSL matrix) and each of them can serve as a grain boundary plane. Note that the relationship between the rotation axis (o) and the normal to the grain boundary plane (n) determines the type of generated grain boundaries: tilt grain boundary for o ⊥ n and twist grain boundary for o n. Therefore, we are able to generate two tilt grain boundaries by setting first two surface planes as the grain boundary plane, and one twist grain boundary by setting third surface plane as the grain boundary plane. In other words, one CSL matrix corresponds to three grain boundaries.
By summarizing the above building procedures, we show the complete workflow in Fig. 5 . The algorithm is implemented in an open-source python library, aimsgb. The representation and manipulation of structures are treated through either pymatgen 38 or structural class of AFLOW.
39 Also, to demonstrate the efficiency of our algorithm, we list the required CPU time (without counting time to write to files) to generate grain boundary structures for SrTiO 3 , cubic CH 3 NH 3 SnI 3 , and tetragonal anatase TiO 2 , see Table I . The total number of atoms in the grain boundary structure was also listed for each Σ. As a comparison, the total time required to generate grain boundary structures, including the time to write to files, are listed in appendix table.
Moreover, in addition to the symmetric tilt and twist grain boundaries, aimsgb can also generate asymmetric tilt, twist, and even mixed grain boundaries by modifying the interfacial terminations of the two grains, as these asymmetric models may represent more realistic polycrystalline systems. 7,40-42 As a proof of the concept, we show structural illustrations of asymmetric and mixed SrTiO 3 grain boundaries from the symmetric Σ5[001]/(120) grain boundary model in Fig. 6 .
III. EXAMPLE OF BUILDING GRAIN BOUNDARY
In this section, we take the Σ5[001] grain boundary as an example to illustrate the procedure of generating CSL matrix and building grain boundary. For Σ = 5 and [uvw ]=[001] , by using eqs. 3 − 5, we can get (m, n) = (1, 2), (1, 3), (2, 1) and (3, 1) . By plugging these numbers into eq. 4, one can get θ = 126.9
• , 143.1 • , 53.1
• and 36.9
• , respectively. As discussed before, (m, n) = (1, 2) and (m, n) = (2, 1) (or θ = 126.9
• and θ = 53.1 • ) refer to the same grain boundary, and also do for (m, n) = (1, 3) and (m, n) = (3, 1) (or θ = 143.1
• and θ = 36.9
• ). For the rotation axis [001], we have the unit vector k = [0, 0, 1]. Then using θ = 53.1
• and eqs. 6 − 7, we are able to get a rotation matrix R: and
To obtain a CSL matrix, we make the matrix X 
IV. CONCLUSION
We describe an algorithm implemented in an opensource python library for generating periodic tilt and twist grain boundary models in a universal fashion for ab-initio and classical materials modeling. The software framework first calculates the rotation angle from a given Sigma (Σ) value and rotation axis, and then generate a rotation matrix from the rotation angle. Next, the software will build CSL matrix using the rotation matrix and Σ value. Finally, the software will generate two CSL grains from CSL matrix, and combine them together to build a grain boundary based on the selected grain boundary plane. This software framework is expected to 
